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An anisotropic (Bianchi type I) cosmology is considered in the four-dimensional NS-NS sector of
low-energy effective string theory coupled to a dilaton and an axion-like H-field within a de Sitter-
Einstein frame background. The time evolution of this Universe is discussed in both the Einstein
and string frames.
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Pre-Big Bang cosmological models [1], based on the
low energy limit of the string theory, have been inten-
sively investigated in the recent physics literature [2]-
[17]. Generically, in these type of models the dynamics
of the Universe is dominated by massless bosonic fields.
In the string frame, the four-dimensional NS-NS effective
action, which is common to both the heterotic and type
II string theories, is given by [18]- [20]
Sˆ =
∫
d4x
√
−gˆe−2φ
{
Rˆ+ κˆ(∇φ)2 − 1
12
Hˆ2[3] − Uˆ
}
, (1)
where Hµνλ = ∂[µBνλ] is an antisymmetric tensor field, κˆ
is a generalized dilaton coupling constant and Uˆ = Uˆ(φ)
is a dilaton potential. In addition, Hˆ2[3] means the square
of the H-field with respect to the metric gˆµν . The low-
energy string action posseses a symmetry property, called
scale factor duality, which lets us expect that the present
phase of the Universe is preceded by an inflationary pre-
Big Bang phase. Explicit dual solutions can be con-
structed for each Bianchi space-time, except the Bianchi
class A types VIII and IX models [2].
By means of the conformal rescaling
gµν = e
−2φ gˆµν , (2)
the action (1) can be transformed to the so-called Ein-
stein frame as
S =
∫
d4x
√−g
{
R− κ(∇φ)2 − 1
12
e−4φH2[3] − U
}
, (3)
where κ = 6− κˆ, U = e2φ Uˆ and H2[3] denotes the square
of the antisymmetric field by gµν .
Analytic biaxial (two scale factors only) Bianchi type
I geometry has been previously considered in [3] for the
case with nonvanishing H[3] but without a dilaton field
potential, i.e. U ≡ 0. Triaxial models with the cen-
tral deficit charge constrained to zero in the presence of
a modulus field (representing the evolution of compact
extra dimensions) have been analyzed in [4]. Recently,
a study of spatially flat and homogeneous string cos-
mologies, considering the combined effects of the dilaton,
modulus, two-form potential and central charge deficit,
and using methods from the qualitative theory of differ-
ential equations (phase portrait analysis) has been pre-
sented in [5],
The general Bianchi type I space-time for arbitrary di-
mensional dilaton gravities, with vanishing antisymmet-
ric tensor Hµνλ and in the presence of an exponential
type dilaton field potential, have been obtained in both
the Einstein and string frames [6].
It is the purpose of the present letter to consider, in
the framework of a four-dimensional Bianchi type I ge-
ometry, the effects on the dynamics and evolution of the
early Universe of a non-vanishing antisymmetric field and
of a string frame exponential type dilaton field potential.
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In the Einstein frame the field equations, which follow
from variation of (3), are given by
Rµν − κ∂µφ∂νφ− 1
2
gµνU
−1
4
e−4φ
(
HµαβHν
αβ − 1
3
gµνH
2
)
= 0, (4)
∇µ
(
e−4φHµνλ
)
= 0, (5)
∇2φ+ 1
6κ
e−4φH2 − 1
2κ
∂U
∂φ
= 0. (6)
Moreover, the H-field must satisfy the integrability con-
dition (Bianchi identity) ∂[µHνλρ] = 0.
In four dimensions, every three-form field can be dual-
ized to a pseudoscalar. Thus, an appropriate ansatz for
the H-field is [3]
Hµνλ =
1√−g e
4φ ǫµνλρ ∂ρh, (7)
where ǫµνλρ = −δµ[0δν1δλ2 δρ3] is the total antisymmetric ten-
sor and h = h(t) is the Kalb-Ramond axion field. Then
the field equation (5) is satisfied automatically and the
Bianchi identity becomes
∂µ
(√−g e4φ ∂µh) = 0. (8)
Moreover, we shall assume that in the string frame the
dilaton field potential is of exponential type
Uˆ(φ) = Λ e−2φ, (9)
with Λ a non-negative constant (de Sitter space-time).
Therefore in the Einstein frame the effect of the potential
is identical to that of a cosmological constant, U(φ) = Λ.
For the Bianchi type I space-time, in the Einstein
frame,
ds2 = −dt2 +
3∑
i=1
a2i (t)
(
dxi
)2
, (10)
and the ansatz (7,9), the field equations (4,6,8) take the
form
3θ˙ +
3∑
i=1
θ2i + κφ˙
2 +
1
2
e4φ h˙2 − 1
2
Λ = 0, (11)
1
V
d
dt
(V θi)− 1
2
Λ = 0, i = 1, 2, 3, (12)
h¨+ 3θh˙+ 4φ˙h˙ = 0, (13)
1
V
d
dt
(V φ˙)− 1
κ
e4φh˙2 = 0, (14)
where we have introduced the volume scale factor, V :=∏3
i=1 ai, directional Hubble factors, θi := a˙i/ai, i =
1, 2, 3, and the mean Hubble factor, θ :=
∑3
i=1 θi/3 =
V˙ /3V . We shall also introduce two basic physical obser-
vational quantities in cosmology: the mean anisotropy
parameter, A :=
∑3
i=1(θi−θ)2/3θ2, and the deceleration
parameter, q = ddtθ
−1 − 1.
By summing equations (12) we obtain
1
V
d
dt
(V θ) =
1
2
Λ, (15)
which, together with (12), leads to
θi = θ +KiV
−1, i = 1, 2, 3, (16)
with Ki, i = 1, 2, 3 being constants of integration satis-
fying
∑3
i=1 Ki = 0.
It is worth noticing that, in this framework, the ge-
ometry of the considered Universe, which is described by
ai(t), i = 1, 2, 3, is determined only by the existence of
the cosmological constant Λ and is “decoupled” from the
matter fields φ and H . (The effect of matter fields is pre-
sented in the magnitude of the parameters, i.e. constants
of integration.)
From equation (15) we obtain the time evolution of the
mean Hubble factor,
θ(τ) =
√
Λ
6
coth τ, (17)
leading to
V (τ) = V0 sinh τ, (18)
ai(τ) = ai0 sinh
α+
i
τ
2
coshα
−
i
τ
2
, i = 1, 2, 3, (19)
where τ :=
√
3Λ/2(t−t0) and α±i := 1/3±
√
2/3ΛKi/V0.
The mean anisotropy and the deceleration parameter are
given by
A(τ) =
2K2
ΛV 20
sech2τ, (20)
q(τ) = 3 sech2τ − 1, (21)
where K2 =
∑3
i=1K
2
i .
Equation (13) can be integrated to give
h˙ = C e−4φ V −1, (22)
with C a constant of integration. Thus the dynamics of
the dilaton field in the Einstein frame is described by the
following differential equation
sinh τ
d
dt
(
sinh τ φ˙
)
=
C2
κV 20
e−4φ, (23)
with the general solution
e2φ(τ) = ϕ20
(
tanhω
τ
2
+ tanh−ω
τ
2
)
, (24)
where we denote ω :=
√
8φ0/3Λ/V0, ϕ
2
0 :=
√
C2/8κφ0
and φ0 > 0 is a constant of integration. The antisym-
metric tensor field is given by
2
h(τ) = h0 +
κ
√
φ0
C
tanh2ω τ2 − 1
tanh2ω τ2 + 1
, (25)
with h0 an arbitrary constant.
The integration constants must satisfy the consistency
condition,
K2 = ΛV 20 − κφ0, (26)
which follows from equation (11).
In the case of vanishing cosmological constant, Λ ≡ 0,
the general solution in the Einstein frame of the gravita-
tional field equations for a Bianchi type I geometry with
dilaton and Kalb-Ramond axion fields is given by:
θ(t) =
1
3t
, V (t) = V0t, (27)
ai(t) = ai0 t
1/3+Ki/V0 , i = 1, 2, 3, (28)
A = 3K2V −20 = const., q = 2 = const., (29)
e2φ(t) = ϕ20
(
tα + t−α
)
, (30)
h(t) = h0 − 2κ
√
φ0
C
(
t2α + 1
)−1
, (31)
together with the consistency condition
K2 =
2
3
V 20 − κφ0, (32)
where α = 2
√
φ0/V0.
In order to find the general solution of the gravitational
field equations in the string frame with the line element
dsˆ2 = −dtˆ2 +
3∑
i=1
aˆ2i (tˆ)
(
dxi
)2
, (33)
we must perform the conformal transformation (2). To
obtain a simpler mathematical form of the equations we
shall introduce a new variable η = tanh τ/2, η ∈ [0, 1]
and denote ϕˆ0 :=
√
8/3Λϕ0. Then the string frame time
evolution of the Bianchi type I space-time with dilaton
and Kalb-Ramond axion fields and an exponential type
dilaton potential can be expressed in the following exact
parametric form:
tˆ(η) = tˆ0 + ϕˆ0
∫ √
ηω + η−ω
1− η2 dη, (34)
Vˆ (η) = Vˆ0 (η
ω + η−ω)3/2
η
1− η2 , (35)
θˆ(η) =
1
3ϕˆ0
1− η2
η
√
ηω+η−ω
(
3ω
2
ηω−η−ω
ηω+η−ω
+
1+η2
1−η2
)
, (36)
aˆi(η) = aˆi0
ηα
+
i
√
ηω + η−ω
(1− η2)1/3 i = 1, 2, 3, (37)
Aˆ(η) =
2K2
ΛV 20
(
3ω
2
ηω − η−ω
ηω + η−ω
+
1 + η2
1− η2
)−2
, (38)
qˆ(η) :=
d
dtˆ
θˆ−1 − 1 = 1− η
2
ϕˆ0
√
ηω + η−ω
d
dη
θˆ−1 − 1. (39)
In the case of a vanishing cosmological constant the
string frame solution of the gravitational field equations
with dilaton and axion fields is given again in a paramet-
ric form by:
tˆ(t) = tˆ0 + ϕ0
∫ √
tα + t−α dt, (40)
Vˆ (t) = Vˆ0 t (t
α + t−α)3/2, (41)
θˆ(t) = ϕ−10
(
α
2
tα − t−α
tα + t−α
+
1
3
)
1
t(tα + t−α)1/2
, (42)
aˆi(t) = aˆi0 t
1/3+Ki/V0
√
tα + t−α, i = 1, 2, 3, (43)
Aˆ(t) =
K2
3V 20
(
α
2
tα − t−α
tα + t−α
+
1
3
)−2
, (44)
qˆ(t) = 2−
α
(
1
3
tα−t−α
tα+t−α +
α
2
)
(
α
2
tα−t−α
tα+t−α +
1
3
)2 . (45)
In the present letter we have presented the exact so-
lution of the gravitational field equations for a Bianchi
type I space-time with dilaton and axion fields in both
the Einstein and string frames. In the Einstein frame the
evolution of the Bianchi type I Universe in the presence of
a cosmological constant starts from a singular state, but
with finite values of the mean anisotropy and deceleration
parameter. In the large time limit the mean anisotropy
tends to zero, A → 0, and the Universe will end in an
isotropic inflationary de Sitter phase with a negative de-
celeration parameter, q < 0. In the large time limit the
dilaton and axion fields become constants. Moreover, in
the Einstein frame, the dynamics and evolution of the
Universe is determined only by the presence of a cos-
mological constant and there is no coupling between the
metric and the dilaton and axion fields.
In the string frame the dilaton and axion fields are
coupled to the metric. Depending on the values of the
constant ω there are two distinct types of behavior. In
the first type of evolution, corresponding to ω < 2/3,
the Universe starts from a singular state with zero val-
ues of the scale factors, aˆi(0) = 0, i = 1, 2, 3 and ex-
pands indefinitely. In the second case, when ω > 2/3,
the Bianchi type I Universe starts its evolution with infi-
nite values of the scale factors and collapses to a bounce
state, corresponding to minimum finite non-zero values
of the scale factors. From this non-singular state the
Universe starts to expand, ending in an isotropic and in-
flationary era. The values of the physical quantities at
the bounce correspond to the values of η satisfying the
equation dVˆ /dη = 0 or
(ηω + η−ω)3/2
1− η2
(
3ω
2
ηω − η−ω
ηω + η−ω
+
1 + η2
1− η2
)
= 0. (46)
The string frame time variation of the volume scale fac-
tor of the Bianchi type I space-time for different values
3
of ω is presented in Fig.1. Independently of which type
of evolution classified by the value of ω, in the presence
of an exponential type dilaton potential and of an ax-
ion field, the Bianchi type I Universe always isotropizes
in the large time limit, Aˆ → 0 for tˆ → ∞. But the
dynamics of the mean anisotropy factor is very different
for the two types of evolution. During the collapse to the
bounce the mean anisotropy increases to an infinite value
and then, during the expansionary period, tends rapidly
to zero. Hence in this case the expansionary evolution
of the Bianchi type I Universe starts with non-singular
scale factors and with maximum anisotropy. The string
frame time variation of the anisotropy parameter and of
the deceleration parameter are represented in the Fig-
ures 2 and 3, respectively. In the string frame and in the
presence of a dilaton potential the large time evolution
is inflationary for all times and for all ω.
In the absence of a cosmological constant or a dilaton
field potential the Universe does not isotropize. In this
case the Einstein frame mean anisotropy is constant for
all times and the evolution is of the Kasner type. In the
string frame the mean anisotropy tends, in the large time
limit, to a constant non-zero value, hence showing that
the Universe will never end in an isotropic flat Robertson-
Walker type phase. The deceleration parameter in both
frames is positive for all times and an inflationary evo-
lution is also impossible. Therefore string cosmological
models involving only pure dilaton and axion fields do
not have, at least in the case of Bianchi type I anisotropic
geometries, the ability of providing realistic cosmological
models. To obtain a transition from an anisotropic state
to an isotropic inflationary one the “good old” cosmolog-
ical constant is still the key ingredient.
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FIG. 1. String frame evolution of the volume scale factor
Vˆ for different values of the parameter ω: ω = 0.1 (full curve),
ω = 0.5 (dotted curve), ω = 0.75 (short dashed curve) and
ω = 0.9 (long dashed curve). We have used the normalization
Vˆ0 = 1 and tˆ0 = 0
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FIG. 2. String frame time variation of the mean
anisotropy parameter Aˆ for different values of ω: ω = 0.1
(full curve), ω = 0.5 (dotted curve), ω = 0.75 (short dashed
curve) and ω = 0.9 (long dashed curve). We have used the
normalization 2K2/V 20 Λ = 1.
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FIG. 3. Dynamics of the deceleration parameter qˆ in the
string frame for different values of ω: ω = 0.1 (full curve),
ω = 0.5 (dotted curve), ω = 0.75 (short dashed curve) and
ω = 0.9 (long dashed curve).
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